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Abstract. Let Kbea field of characteristic zero and let W C V be if-vector 
spaces of dimension m and m + n. Let P C SL(V) = G be the subgroup 
fixing W . It follows X = G/P equals the grassmannian of m-planes in V. 
Let Ox{d) be the d'th tensor power of the line bundle Oil) coming from 
the Plucker embedding of X. There is an equivalence of categories between 
the category of finite dimensional P-modules and the category of G-linearized 
locally free finite rank Ox-modules. The Z'th jet bundle V l x (Ox{d)) is a 
G-linearized locally free sheaf and the aim of this paper is to describe its 
corresponding P- module using higher direct images of G-linearized sheaves, 
filtrations of generalized Verma modules, canonical filtrations of irreducible 
SL(V)-modulcs and annihilator ideals of highest weight vectors and to apply 
this to the study of discriminants of linear systems on grassmannians. The 
main theorem of the paper is that the discriminant D l (Ox(d)) is irreducible 
for all 1< I < d. 
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1. Introduction 

Let K be a field of characteristic zero and let W C V be iVvector spaces of 
dimension m and m + n. Let P C SL(V) — G be the subgroup fixing W . It follows 
X = G/P equals the grassmannian of m-planes in V . There is an equivalence of 
categories between the category of finite dimensional P-modules and the category of 
G-linearized locally free finite rank Ox -modules. The i'th jet bundle V l x (C) where 
is a G-linearized locally free Ox-module, and the aim of this paper 
is to describe its corresponding P-module using Taylor morphisms, higher direct 
images of G-linearized sheaves, filtrations of generalized Verma modules, canonical 
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filtrations of irreducible SL(V)-modules and annihilator ideals of highest weight 
vectors. 

Let i : X -> P(A m V*) be the Pliicker embedding and let O x {d) = i*0{l)® d 
where 0(1) is the tautological line bundle on P(A m U*). In Theorem 15.11 we prove 
there is an isomorphism 

r l x {Ox(d)){xy su,(b)» 

of P-modules. Here V x (Ox(d))(x)* is the dual of the fiber of the jet bundle at the 
distinguished point x E G/P and \Ji(g)v C H°(X, Ox(d))* is the Z'th piece of the 
canonical filtration of H° (X , O x (d))* . We then apply the results on jet bundles 
and Taylor maps to the study of discriminants of line bundles on grassmannians. 
In Theorem 16. II we prove the Z'th discriminant D l (Ox(d)) is irreducible when 1 < 
I < d. 

The paper is organized as follows: In section two of the paper we study general 
properties of jet bundles of G-linearized locally free sheaves on homogeneous spaces 
G/H. Here G is a linear algebraic group of finite type over a field K and H C G 
is a closed subgroup. 

In section three of the paper we study the Taylor morphism T l for invertible 
sheaves on the grassmannian. Let Ox (d) be the d'th tensor power of the tautological 
bundle coming from the Pliicker embedding. We prove in Corollary 13. 1 II the Taylor 
morphism 

T l :B°{X,Ox{d)) ® Ox ^ V l x {Ox{d)) 

is a surjective map of locally free sheaves when 1 < I < d. 

In section four we study the canonical filtration Ui(g)v of of the irreducible 
G-module B°(X,Ox(d))* . Using the universal enveloping algebra U(g) and the 
annihilator ideal ann (v) C U(fj) where v E H (X,Ox(d))* is the highest weight 
vector we give in Corollary 14.141 a basis for U;(g)t> as if -vector space. We also 
compute the dimension of Vi(g)v. 

In section five we study the dual of the fiber of the jet bundle r P x {Ox{d))(x)* at 
the distinguished point x E X = G/P as P-modulc. Using the results obtained in 
the previous sections, we classify in Theorem l5. li the fiber as P-module, and describe 
it in terms of U;(g)u - a subquotient of the generalized Verma module U(g) (g> L v 
associated to the line L v spanned by the highest weig ht vector v E H°(X, O x (d))*. 

In section six we apply the results obtained in the previous sections and study 
discriminants of line bundle on the grassmannian X. We prove the Z'th discriminant 
D l (O x {d)) is irreducible when 1 < I < d. 

The motivation for the study of the P-module V l x (Ox(d))(x)* is a relationship 
between the jet bundle and resolutions of ideal sheaves of discriminants of linear 
systems (see [TO] Example 5.12). Using the jet bundle V l x (Ox(d)) one constructs 
a double complex 

o x {- 3 )®n\x, ^r l x (Ox(d)r) 

of sheaves on F(W*) where W = H°(X, O x {d)). The Z'th discriminant D l (O x (d)) 
of the line bundle Ox (d) is a closed subscheme 

D\O x {d)) C P(W*) 

and the double complex Ox(—j) f? 1 H l (X, l\^V x (Ox(dj)*) may in some cases be 
used to construct a resolution of the ideal sheaf of D l (Ox(d)). Knowledge on 
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the P-module structure of V l x (O x (d))(x)* will give information on the problem of 
constructing such a resolution. 

2. Jet bundles on quotients 

In this section we study general properties of jet bundles on quotients G/H . 
Here G is a linear algebraic group of finite type over a field and H C G a closed 
subgroup. 

Notation: Let tt : X — > S be a smooth and separated morphism. Let Y = 
X x 5 X and let 

A : X -> y 

be the diagonal closed embedding. Let p, g : y — > X be the canonical projection 
maps and let 2a C Oy be the ideal of the diagonal. Let Oa< = Oy /I A the 
structure sheaf of the Z % infinitesimal neigborhood of the diagonal. 
There is on Y an exact sequence of Oy-modulcs 

(2.0.1) -> Oy ->■ O a <+i -4 0. 

Applying the functors R l p*(— ®q*£) and the formalism of derived functors to 12.0.11 
we get a long exact sequence of quasi coherent Ox-modules 

(2.0.2) p.(2^ hl ® g*f ) -> p»g*£ p*(O a!+ i ® 

R 1 p»(2^ 1 <8g*f) -> RV*9*f -> R 1 p*(Oa 1 + 1 ®q*£) ->■ • • • 
By flat basechange it follows 

R J p*q*£ — tt* R l 7r*5. 

for all i > 0. It follows 

p*q*£ = tt*tt*£ ® O x . 
Definition 2.1. The quasi coherent Ox-module 

V l x/S (£) =p*(0 Al+1 ®q*£) 
is the I'th order jet bundle of £. The morphism 

T ; : 7r*7T*£ <g> O x -^V l x/S {£) 

is the Z 'i/i Taylor morphism for £. 

Note: the Ox-module V x , s {£) has a left and right Ox-structure. In this paper 
we will only consider the left Ox-structure. 

Example 2.2. Taylor maps on smooth projective schemes. 

Let S — Spec (if) and X C Pg be a smooth projective scheme of finite type over 
the field K. Let £ be a locally free Ox-module. The Taylor morphism for this 
situation looks as follows: 

T l :E°(X,£)®O x ^V l x/S {£). 

Given a if-rational point x G X and a global section s G H (X, £) it follows the 
Taylor map T l formally taylor exapnds s in local coordinates at x: 

T l (x)(s) = (s(x),s'(x),.., S M(x)) G V l x/S (£)(x). 
Assume / : Y X is a smooth morphism of schemes over S. 
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Proposition 2.3. Let £ be a finite rank locally free Ox -module. There is for all 
I > 1 a commutative diagram of exact sequences of locally free Oy -modules 

. Sym\rtox/s®)f* s * f* v x/s( £ ) f^x/si 8 ) 



Sjmftfo/sWC K /S (f*£) — - ^x/s(/^) — - o 

Proof. See [15], Proposition 2.3. □ 

Corollary 2.4. Assume U C X is an open subscheme. It follows there is an 
isomorphism 

-P l x/s^)\u=V l u/s ^\u) 

of Ojj -modules. 

Proof. The inclusion i : U —¥ X is a smooth morphism over S hence the result 
follows from Proposition 12.31 and an induction. □ 

Example 2.5. Jet bundles on affine schemes. 

Assume 5 = Spec(A) and U = Spec(B) C X is an open affine subscheme of X 
and £\u the sheafication of a locally free B-module E. It follows Vx/s{ 8 )\u ^ s * nc 
sheafification of the _B-module 

P l B/A {E) — B ®a B/I l+1 ® B E 

where / C B ®a B is the ideal of the diagonal. 

Example 2.6. Jet bundles on quotients. 

Let V be a finite dimensional vector space over K. Let H C G C GL(K, V) be 
closed subgroups. There is an action of H on G defined at A'-rational points by 

a : H(K) x G(K) -y G{K) 

<r(h,g) = gh -1 . 
The following holds: There is a quotient morphism 

(2.6.1) tt:G^G/H 

and G/H is a smooth quasiprojective scheme of finite type over K. 

Let mod G {On i H ) denote the category of locally free Og/^-modules of finite rank 
with a G-linearization and let mod (i?) denote the category of finite dimensional 
-ff-modules. There is an exact equivalence of categories 

(2.6.2) F :mgd G (0 G/H ) = mod(-ff) 

defined as follows: Assume (£, 6) G mod G (On /m) ■ It follows the G-linearization 9 
induce an H-module structure 

p(9) : H -> GL(£(a:)) 

where x € G/H is the JT-rational point defined by the identity e 6 G. The functor 
F is defined by F{{£,6)) = (p(6),£(x)). For a proof of the claims [2X2 and [2XJ 
see [5J. 
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In the following when we speak of a locally free sheaf (8,6) S mod G (On/ h) , an d 
we take the fiber £(x) we will use equivalence 12.6.21 when we refer to its if- module 
structure p(9). 

Let X = G/H and let Y — X x K X. Let p, q : Y — » X be the canonical 
projection morphisms. Let (£,6) ^ mod G (On/ h ) . We get from Sequence 12.0.21 a 
long exact sequence of quasi coherent sheaves: 

(2.6.3) -> p»{l l + l ® q*£) -+ H°(G/H, f ) <g> -> P G/ff (£) -> 

rVC^a 1 ® R 1 -»• 

Here 

R^^Oaj+i <g> q*£) = 

since O^i+i ® q*£ is supported on the diagonal. 

There is a well defined left G-action on Y - the diagonal action - and since higher 
direct images preserve G-linearizations it follows the sequence 12.6.31 is an exact 
sequence of G-linearized sheaves with morphisms preserving the G-linearization. 
Since G/H is a homogeneous space for the G-action it follows the terms in the 
sequence 12.6.31 are locally free. 

Proposition 2.7. Assume (£, 9) is a G-linearized locally free G /n-module of rank 
e. The following holds for all I > 1: There is an exact functor 

(2.7.1) V l G/H : rruxf{0 G/H ) -> mo<F(0 G/H ) . 
There is an exact sequence of G-linearized locally free G /h -modules 

(2.7.2) Sym\& G/H ) ®£^ T l G/H (£) -> V l G f H {£) -> 0. 
The Taylor morphism 

(2.7.3) T l : R°(G/H, £) ® O g/h -> 7> G/H (£) 

preserves the G-linearization. Assume dim(G/H) = n. The following holds: 

(2-7.4) rk(V l G/H (£))=e( n + y 

Proof. Assume <\> : (£, 9) — > (J 7 , rj) is a morphism in mod G (On/ . Let p, q : Y — >• 
G/H be the canonical projection maps and let Y have the diagonal G-action. It 
follows q* and preserve the G-linearization. We get on Y a commutative diagram 
of short exact sequences of morphisms of G-linearized sheaves 

l^ 1 ® q*£ > Oy <8 q*£ *- O a i (8 q*£ ^ 



> i£ 1 ® g*^ ^ Oy ® *~ 0a« ® q*F *~ 

Since p* preserves the G-linearization it follows we get a morphism 

V l {4>):V l G/H {£)^V l G/H {F) 

of sheaves preserving the G-linearization. One checks for two composable mor- 
phisms 

M G mpd G (0 G/ff ) 

it follows 

V\(j>o^)=V\<f))aV l {i>) 
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hence the existence of the functor in claim l2~77ll is clear. Since V l G j H {£) = V G / H §§£ 
and V G i H is locally free it follows the functor is exact. It follows claim 12.7.11 is 
proved. 

For a proof of the existence of the sequence 12.7.21 see |15j . Proposition 2.2. By 
the argument above it follows V G i H {£) has a canonical G- linearization since pre- 
serves the G-linearization. There is on Y a commutative diagram of exact sequences 
of Oy-modules with a G-linearization 



0- 



0- 



rl + 1 



o 



A 1 



o 



A'- 1 











When we apply the functor p*(- 
G-linearized sheaves 



' q*£) we get a commutative diagram of maps of 



B°(G/H,£) ® O g/h t V l G/H (£) 



R°(G/H, £) ® O g/ 1 r l G-/ H (£) 

hence the natural morphism V l G ^ H {£) — > ~P G } H (£) is a morphism preserving the 
G-linearization. It also follows the Taylor morphism preserves the G-linearization. 
It follows the sequence 12.7.21 is an exact sequence of G-linearized sheaves. Claim 
12.7.31 also follows from this argument. We have proved claim [277721 and 12.7.31 
We prove I2TT731 Assume 1 = 1. We get an exact sequence 

-> n G/H ® £ V G/H (£) -)• £ -> 

of locally free Oq / //-modules. We know rk(H, G ^ H ) = n and rk{£) — e hence 

+ r 



Assume rk{V l G L{£) = 



G/H {£) =ne + e = 
l There is an exact sequence 



-> Sym 1 ^,*) ® £ -> V l G/H {£) -> V l G f H {£) 



hence 



rk{V l G/H {£) = rk(Sym l (n G/H ) ® £) + rk{V l G l H {£)) 



f n + l — 1\ In 
<-\ -| l+e( 

n — l 



-Z - 1 
n 



n + I 



and the Proposition is proved. 



□ 



Assume (£, 6) e mod G (On/n) and consider V l G ^ H (£). It follows from Propo- 
sition [27Zl claim |2~?~21 there is a canonical G-linearization on V l G ^ H (£). Hence we 
may via equivalence dJ)7J] consider its corresponding ii-module V l G , H (£)(x). When 
we speak of the H- module V l G ^ H (£)(x) we will always refer to this structure. 
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Proposition 2.8. Let m C Oq/h be the ideal sheaf of the point x 6 G/H. There 
are for all i > isomorphisms of H -modules 

(2.8.1) R l p*{l Al+ i ®q*£){x) = K l {G/H,m l+1 £) 

(2.8.2) R i p*q*£(x) £ R\G/H,£). 

Proof. In the following proof when we consider a locally free sheaf (£, 9) e mod (On m) 
we will use eq uivalence 12.6.21 to induce an H- module structure on £{x). 

Let p : Y = G/H x G/H G/H be defined by p(x, y) = x. It follows p~ l {x) S 
G/i? and we get a fiber diagram 

G/H Si p-^x) G/i? x G/Jf 



Spec(K(x)) G/i? 

where i(y) = (x, y). There is on Y an exact sequence 

-> 2^ 1 -> CV -> C Ai ->• 

of G-linearized sheaves. Here Y is equipped with the diagonal action. Let q : Y — > 
G/H be defined by q(x, y) — y. By [5], chapter III, section 12 and equivalence [5321 
we get natural maps 

ft :R l p*{l l £ 1 ®q*£){x)^R l ir*{f{l l + 1 ®q*£))=R l {G/H,m l+1 £) 

of H-modules. Let for any CV-module J- 

h l (y,F) = dim K[y) YL l (p^ 1 (y),J : y), 

where T y is the restriction of T to p^ 1 (y). It follows 

//(rf 1 ®q*£) = dim K{y) R\p-\y),l l + 1 ®q*£) 

is a constant function in y for i > 0. Hence from [5], chapter III, Corollary 12.9 
it follows ft is an isomorphism of H- modules for all i. We have proved 12.8.11 
Isomorphism [2~5T2l follows by a similar argument and the Proposition is proved. □ 

We get from Proposition 12.81 the exact sequence 12.6.31 and the equivalence 12.6.21 
a long exact sequence of if-modules 

R°(G/H,m l+1 £) -> R°(G/H,£) -> T l G/H (£)(x) -> 

R 1 (G/H,m l+1 £) -> K l {G/H,£) -¥ 

Example 2.9. Jet bundles on projective space. 

Assume in the following V is a i^-vector space of dimension n + 1 and the 
characteristic of K is zero. Let L C V be a line and let P C G = SL(V) be the 
parabolic subgroup fixing L. It follows G/P = P(y*) = P - the projective space of 
lines in V. Let O r (l) be the tautological line bundle on P and let O v (d) = O r (l)® d . 
It follows Op(d) has a canonical G-linearization and Pic G (P) = Z. It follows the 
jet bundle V P (Op(d)) has a canonical G-linearization for all integers d. We may via 
equivalence 12.6.21 consider its P-module V r (Op(d))(x). 



8 



HELGE MAAKESTAD 



Theorem 2.10. There is for all 1 < I < d an isomorphism 
V l r (O r {d)){x) = Sym^U*) ® Sym^L*) 

of P -modules. 

Proof. The result is proved in [9], Theorem 2.4. □ 

Let 7r : P — > Y = Spec(iC) be the structure morphism and let ir* Sym l (V*) be 
the pull back of the G-linearized Oy-module Sym (V*). 

Corollary 2.11. There is for all 1 < I < d an isomorphism 

V l r {O p {d)) S P {d - I) ® 7T* Sym'(U*) 

o/ Op-modules with a G -linearization. 

Proof. Using equivalence ^. 6.2l it follows the P-module corresponding to Op(d-l) is 
Sym d_ '(£*). It follows from Theoiem^JU\V P {O p {d)) and Oj?(d-l)®<K* Sym l (V*) 
have isomorphic P-modules. The Corollary follows since [2~6T2l is an equivalence of 
categories. □ 

We get for all 1 < I < d get the following formula 

(2.11.1) V r {Op{d)) S ©("" ! )o P (d - i) 

expressing the splitting type of the jet bundle as abstract locally free Op-module. 
This follows from Corollary 12.111 since the Op-module it* Sym ( (y*) corresponds to 
the trivial rank ("+') Op-module. The formula [2^1 1.11 is well known (see [9]. [12]. 
HE HEPS, [19] and [20] for other proofs.) 



3. On surjectivity of the Taylor morphism 

In this section we study the Taylor morphism for a class of invertiblc sheaves on 
the grassmannian. We prove the Taylor morphism is surjective in most cases. 

The strategy of the proof is as follows: First prove the Taylor morphism is 
surjective for most invertible sheaves on projective space. Embed the grassmannian 
into projective space using the Pliicker embedding. Any invertible sheaf on the 
grassmannian is the pull back of an invertible sheaf on projective space via the 
Pliicker embedding. Using the fact the grassmannian is projectively normal in 
the Pliicker embedding and general properties of jet bundles we prove the Taylor 
morphism is surjective for most invertible sheaves on the grassmannian. 

Notation: Let K be any field and let W C V be K vector spaces of dimensions 
m and m + n. Let G = SL(V) and let P C G be the subgroup fixing W. Let 
X = G/P = G(m, m + n). Let 

i : X -> P(A m U*) 

be the Pliicker embedding and let O x (d) = i*0{l) m . The grassmannian G(m, m + 
n) has dimension mn. There is a bijection 

(3.0.2) {^-rational points x G G/P} = {m-planes W x C V} 

of sets. Let mod (P) be the category of finite dimensional P-modules and morphisms 
and let mod G {O g / p ) be the category of G-linearized locally free G /p-modules of 



ON JET BUNDLES AND GENERALIZED VERMA MODULES 



9 



finite rank and morphisms. Recall from the previous section there is an exact 
equivalence of categories 

(3.0.3) mod(F) =mod G (0 G /p). 

Let Y = X Xjf X and lcr p, q : Y — > X be the canonical projection morphisms. 
Let A(X) C Y be the diagonal embedding of X and let Xa Q ®y be the ideal of 
A(J0. By Definition O it follows 

V l x (O x (d)) = p^O Y /X l + 1 ® q*O x (d)) 

is the I 'th sheaf of jets of Ox(d). It follows from Proposition 12.71 claim |2"77T31 

\ run J 

When it is clear from the context we will write V l (0(d)) instead of V^iOxid)). 

The invertible sheaf Ox(d) has a unique G- linearization for all d € Z. Let the 
product Y = G/P G/P have the diagonal G-action. 

Recall there is an exact sequence of G-linearized sheaves of CV-modules 

->■ l l £ 1 -> 0y -> O a i -> 

on Y. The functor p*(— ® q*O x (d)) is left exact and preserves the G-linearization 
hence we get when we use the formalism of derived functors a long exact sequence 
of locally free G-linearized sheaves 

(3.0.4) -> p^ 1 ® <f -> P*9*Ox(rf) -> P^(Ox(d)) -> 

R 1 !?.^ 1 ®q*O x {d)) -> R 1 p*q*O x (d) -> 0. 

Here R 1 p*(C'Ai €5 g*0x(<i)) = since 0a* ® q*O x (d) is a sheaf supported on the 
diagonal. 

Let a; € G/P be the ^-rational point defined by the class of the identity element 
e E G. When we take the fiber at x of the sequence 13.0.41 and apply Proposition 
12.81 we get the following exact sequence of finite dimensional P- modules 

(3.0.5) -> R°(X,m l+1 O x (d)) -> H°(X, O x (d)) ^(O x (d))W -> 

By Kodaira's Vanishing Theorem it follows H 1 (X, Ox{d)) = when d > 1. It 
follows we get an exact sequence 

(3.0.6) 0^H°(X,m l+1 O x (dj) ^U°{X,O x (dj) -> T> V l x {O x {d)){x) -> 

of finite dimensional P-modules. Since [2751 is an equivalence of categories, we get 
an exact sequence of locally free G-linearized sheaves 

(3.0.7) p4lA l+1 ® q*O x (d)) ^ U°{X,O x (d)) ® Ox ^ T l x (Ox(d)) ->• 

R 1 p*^ 1 ® q*O x (d)) ^ 0. 

Example 3.1. Taylor maps and invertible sheaves on projective space. 

Let E be an n+l-dimensional A"- vector space and let P = F(E*) be the projective 
space of lines in E. Let Op(l) be the tautological line bundle on P and let Op(d) = 
P (l)® d . 
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Lemma 3.2. The Taylor morphism 

T l : H°(P, Op(d)) ® Op ->■ 7^(Pp(d)) 
is surjective for all 1 < I < d. 

Proof. Let £7 = if {e , .., e„} and = ^{xo, - ; x n }. It follows 

F(E*) = Proj(Sym K (£*)) - Proj(if[x , ..,*„]). 
Let !7o = -D(xo) = Spec(if[ti, ..,i n ]) where tj = Xi/x . There is an isomorphism 

P(£*) = SL(E)/P 

where P is the subgroup of elements fixing a line in E. Because the Taylor morphism 
is a map of SL(i?)-linearized sheaves we may check surjectivity by restricting to the 
fiber of T l at x. We restrict T l to the open set Uq: 

T% :K[t 1 ,..,t n }®K (F,O r (d))^V l Uo (O r (d)\ Uo ). 

We get a map 

T l \ Uo : K[U] <8> H°(P, Op(d)) ->• ® {dt? 1 • • • dtfr ® 4 : < ^ rfi < n} 
of left X[ti]-modules. Assume 

Q — ^0~dl . . . ry.d-n 

with ^ dj = d is a global section of 0p(d). It follows do = d — d\ — ■ ■ ■ — d n On Uq 
we may write 

e — ~d.-di d n ~di d„ _ .di .d„ d 

By definition 

T\s) = l®tt---ttx d Q = 
{h + dh) dl ■ ■ ■ (t n + dt n ) d " ® xfi. 

The point x is defined by t\ = ■ ■ ■ = t n = hence when we restrict T z to the fiber 
at x we get the map 

T\x) : H°(P,0p(d)) -> ^(Op(d))(a:) 

defined by 

T' (&)(«) = di? 1 ■••(«*• ®x d . 

Assume u> = dt dl ■ ■ ■ dt d ™ (g> xf, e T l P {O r {d)){x) with < £dj < n - li follows 
d — J2di > d — n > 0. Let d = d — ^ d^. It follows d > and d + S ^» = d- It 
follows s = x d °x dl ■ ■ ■ x dn G H°(P, Op(d)) and 

7" (a;) (a) = oj 

and the Proposition is proved. □ 

Recall we get on projective space P an exact sequence of SL(E?)-linearized locally 
free sheaves 

(3.2.1) -> p^a 1 ® «*Op(d)) -> H °( F > Op(<0) ® <?p "► T ' K(Op(d)) -> 
R 1 ^(Xi +1 ® g *C P (d)) -^R 1 p,(g*Op(d)) ^0 

when 1 < Z < d. 
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Corollary 3.3. There is an equality 

^p^ 1 ®q*0 ¥ (d)) = 

when 1 < I < d. 

Proof. Sequence 13.2.11 remain exact when we take the fiber at x G G/P. Via Ko- 
daira's Vanishing Theorem and Proposition ^. 81 claim |2~8~2"1 the final term becomes 

R l p.(<fOr(d))(x) = R l (P,Op{d)) = 

when d > 1. It follows R 1 p r q*O p (d) = 0. Since T l is surjective when 1 < I < d the 
Corollary follows. □ 

We get on P = P(E*) an exact sequence of SL(iJ)-linearized locally free sheaves 

(3.3.1) -> p*^ 1 ® q*O v {d)) -> H°(P, P (d)) ® O r -> T ' V P {0 P (d)) -> 
when 1 < i < d. 

Example 3.4. Surjectivity of Taylor maps for projectively normal schemes. 

Lemma 3.5. Let i : Z — ?> W be a closed immersion of schemes and let £ be a 
locally free Ow-rrwdule. There is a canonical surjection 

4>:i*V l w {£)^V l z (i*£) 

°f Oz -modules. 

Proof. Assume Z = Spec (A/a), W = Spec (A) and £ — E where E is a locally free 
A-module. Let V l w {£) be the sheafification of A® A/ J l+1 ®E where J C A® A is the 
ideal of the diagonal. Moreover V l z (i*£) the sheafification of (A/a) (g) (A/a)/ J l+1 (g) 
(E/IE) where J C A/a® A/a is the ideal of the diagonal. There is an isomorphism 
between i*V l w (£) and the sheafification of 

A® A/J l+1 ® (E/aE). 

In this case the map <fi is the sheafification of the canonical map 

f : A® A/J l+1 ® (E/aE) -> (A/a) ® (A/a)/J l+1 ® (E/aE) 

defined by 

f(x ®y®e) = x®y®e. 

It follows 4> is a surjective map of sheaves. This construction glue to give a morphism 
for any closed immersion and the Lemma is proved. □ 

Assume i : Z — > is an embedding of a projective scheme Z and assume Z is 
projectively normal in i. Assume J 7 is a coherent Op-module with 

T l :R a (P,T)®Op^Vp(J 7 ) 

surjective and let £ = i* T . 
Theorem 3.6. The Taylor morphism 

T l :H°(Z,£)®G Z -*V l z (£) 

is surjective. 
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Proof. Pull T l back to Z via i to get a surjective morphism of sheaves 

i*{T l ) :H°(P,J-)®O z -H'T^^F). 
We get a commutative diagram of maps of sheaves 

H°(P, T) ® Oz ^+ i*V l ¥ {J=) 



k\z,£)®o z - — -vig(e) 

The map u is surjective since the Z is projectively normal in the embedding i and 
<fi is surjective by Lemma 13.111 and the Theorem is proved. □ 

Example 3.7. Higher cohomology groups of coherent sheaves on G/P. 

Assume Z = G/P where P C G is a parabolic subgroup of a semi simple algebraic 
group. Assume i : G/P — > is an embedding where G/P is projectively normal 
in i. Let Oa/ P {d) = i*Q{d). 

Proposition 3.8. Assume 1 < I < d. IfR 1 p*q*O z (d) = it follows 

R l p*(I l+1 ®q*O z (d)) =0. 

Proof. Let I C Og/pxG/p be the ideal sheaf of the diagonal. We get an exact 
sequence of sheaves on G/P: 

-> g) <7*0 G/F (d)) -> p*q*0 G/ p(d) ^ V\0 G/P {d)) 

Assume RV*g*<9z(d) = 0. Since G/P is projectively normal in i it follows from 
Theorem 13.61 the Taylor morphism T l is surjective. It follows 

Im(T l ) = V l (O z (dj) = Kerty). 

It follows 4>(P l (Oz(d)) — hence Im(<p) = = Ker(ip). We get an injection 

R 1 p4l l+1 ®q*O z {d)) -> R 1 p»g*O z (d) = 

and the Proposition is proved. □ 

Assume the hypothesis from Proposition 13.81 is satisfied. 
Corollary 3.9. There is for 1 < I < d an equality 

K 1 (G/P,m l+1 G z (d)) = 0. 
Proof. By Proposition 13.81 it follows 

R l p*(I l+l <g> q*Oz{d)) = 0. 
Take the fiber at the distinguished point x £ G/P to get the equality 

R 1 p4l l+1 ® q*O z {d))(x) =H 1 (G/P,m l+1 O z (d)) = 
and the Corollary is proved. □ 
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Note: Corollary [33] is a special case of Nadel's Vanishing Theorem on the vanish- 
ing of higher cohomology groups of coherent sheaves on flag varieties. Proposition 
13.81 shows there is an equation 

K 1 p. t {T l+1 ®q*O z (d)) =0. 

The coherent sheaf R 1 ^!^ 1 ® q*O z (d)) is a locally free O^/p-module and its 
fiber at x is the cohomology group 

R\G/P,m l+1 Oz(d)). 

Hence Corollary 13.91 gives a geometric proof of the vanishing of H 1 for a class of 
coherent sheaves on flagvarieties over an arbitrary field K of characteristic zero. 
Note: By examining the proof we see the result is true over an arbitrary field. 

Example 3.10. Taylor maps for line bundles on the grassmannian. 

Let X — SL(V)/P = G(to,to + n) be the grassmannian of m-planes in V and 
let Ox(d) be the line bundle coming from the Pliicker embedding. 

Corollary 3.11. The Taylor morphism 

T l : R°(X, O x (d)) ®O x ^ V l x (Ox(d)) 

is surjective when 1 < I < d. 

Proof. The Corollary follows from Theorem 13.61 since the grassmannian is projec- 
tively normal in the Plucker embedding. □ 

On X = G(m, m + n) we get an exact sequence of SL(V)-linearized sheaves 

(3.11.1) ^ p*^ 1 ® q*O x (d)) ^ R°(X,O x (d)) ® O x y^ 1 V l x (O x (d)) 
R 1 p, (2 l + 1 ® q* O x (d) ) -> R 1 p, (q* O x (d) ) -> 

when 1 < I < d. 

Corollary 3.12. On X — G(m,m + n) there is an equality 

R 1 p*{l£ 1 ®q*O x {d)) = 

when 1 < I < d. 

Proof. The sequence [3TTTTT] remain by the equivalence 12.6. 2l exact when we take the 
fiber at x. We get by Proposition 12.81 claim l^?2l 

R x p*{q*O x {d)){x) =B 1 {X,O x {d)) =0 

when d > 1 by Kodaira's Vanishing Theorem. It follows R p t ,q*Ox(d) = 0. By 
Theorem [3TTT] the Taylor map T l is surjective and the Corollary follows since 13. 11. II 
is an exact sequence. □ 

We get an exact sequence of SL(V)-linearized sheaves 

(3.12.1) -> P *{1 1 + 1 ® q* Ox (d)) ->■ H° (X, Ox (d) ) ® O x ^ T l x (O x {*))-> 
when 1 < I < d. 

Corollary 3.13. On X = <G(jn,m + n) there is an exact sequence of P -modules 

0^R°(X,m l+1 O x (d)) ^H°(V, O x (d)) ^ P x (O x (d))(x) ^ 
for alll<l <d. 
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Proof. If we take the fiber of sequence 13.12.11 we get via equivalence 12.6.21 and 
Proposition 12.81 an exact sequence 

0^K°(X,m l+1 Ox(d)) ->H°(X, O x {d)) -> V l x (O x (d))(x) -> 

of P-modules and the Corollary follows. □ 

4. On generalized Verma modules and canonical filtrations 

In this section we study the canonical filtration U/(g)u associated to the irre- 
ducible SL(F)-module of global sections of a line bundle C £ Pic G (G/P) on the 
grassmannian G/P — G(m,m + n) of m-planes in an m + n-dimensional vector 
space. We construct a basis and compute the dimension of each term in the canon- 
ical filtration. 

The strategy of the proof is as follows: There is for alH > 1 an exact sequence 

->■ anni(v) <E> L v ->■ U/(g) <g) L v -> Vi(g)v -> 

where anni(v) is the Tth piece of the canonical filtration of the annihilator ideal of 
v - the highest weight vector of H (G/P, G / P (d))* . Here U;(g) is the i'th piece of 
the canonical filtration of the universal enveloping algebra of g = LieiG). Using the 
theory of highest weigts and the Poincare-Birkhoff-Witt Theorem we prove there 
is a vector space decomposition 

(4.0.1) Ujfcj) = Vi(n)®anni(v) 

in the case when 1 < I < d. Here n C g is a sub Lie algebra. We then use the 
decomposition IT.O.ll to give a basis for XJi(q)v and to calculate its dimension as 
vector space. 

Notation: Let W C V be vector spaces of dimension m and m + n. Let 
ei, .., e m+n be a basis for V and ei, .., e m a basis for W. Let G — SL(V) and PCG 
the parabolic subgroup fixing W. It follows there is a quotient morphism 

7T : G -> G/P 

and there is a canonical isomorphism 

G/P ^ G(m, m + n) 
where G(m, m + n) is the grassmannian of m-planes in V. Let 

i : G/P ->■ P(A m U*) 

be the Pliicker embedding and let = i*C(l)® d . Let g = Lie(G) and p = 

Lie(P). Let U(g) be the universal enveloping algebra of g and let U;(g) be its 
canonical filtration. Let 

V x = E (G/P,O G/P (d)r 

be the irreducible SL(F)-module of dual global sections of Oa/p(d) and let v € V\ 
be the (unique up to scalars) highest weight vector of V\. 

In the following we use the notation from [4]. Let g = g^©f)©g+ be the 
triangular decomposition of g defined as follows: Elements in g are matrices A of 
dimension m + n with trace zero. Let g_ be the set of lower triangular matrices in 
g, g + the set of upper triangular matrices in g and \) the set of diagonal matrices. 
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Hence f) is the Lie algebra of diagonal matrices A of dimension m + n with trace 
zero. It follows f) consists of matrices of the type 

lax ••• \ 
a 2 ••• 

\0 ••• a m+n J 
with tr(A) — J2 a i — 0- Let ()* be the dual of f). It follows 

()* = K{Li, .., i m+ „}/ Li + • • • + L m+n 

where 

Li (A) = aj. 

Note. Given a semi simple Lie algebra g there exist many different Cartan 
decompositions. They are all conjugate under automorphisms of 0. 
There is since K has characteristic zero an embedding of G-modulcs 

V x C Sym d (A m V*)* S Sym d (A m V). 

Let 

Z d = Sym d (A"W) C Sym d (A m V). 

It follows l d is a P-stable vector. Let L v i C Sym d (A m y) be the line spanned by l d 
and let L„ C V\ be the line spanned by v. 

Lemma 4.1. There is an equality L v = L^. Moreover v is the unique highest 
weight vector for V\ = H (X, Ox(d))* with highest weight 

A = d(Li H + L m ). 

Proof. By the Borel-Weil-Bott Theorem it follows V\ is an irreducible G-module. 
One checks there is an equality L v = L t d of lines, and that v is a highest weight 
vector for V\. One also checks v has the given weight and the Lemma follows. □ 

The line L v C V\ is in fact the unique P-stable line of V\. 

The Z'th piece Ui(q) of the canonical filtration of the enveloping algebra is a 
G-module via the adjoint representation. It follows U;(g) is a P- module. 

Definition 4.2. Let ann(v) C U(g) be the left annihilator ideal of the vector 
v G Vx: 

ann(v) = {x G U(g) : x(w) = 0}. 
Let anni(v) = ann(v) n U;(g) be its canonical filtration. 

It follows ann(v) is a left ideal in the associative ring U(g). 
There is an exact sequence 

-> ann(v) ® K L v ->■ U(g) ®x L„ ->• Va -> 

of G-modules and an exact sequence 

->■ anni(v) ® K Lv -> Uj(fl) ®x i« -> U ( (g)u -> 

of P-modules. Here 

Uj(fl)« = {a:(i;):xGU,(fl)}CVx 
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is the P-module spanned by elements of U;(g) and the vector v. The G-module 
U(g) ® L v is the generalized Verma module associated to the P- module L v . The 
G-module U(g) ®k L v has a canonical filtration of P-modules given by 

\Ji(&)®L v C U(fl) ®L V . 

Definition 4.3. Let {Ui(g)v}i> be the canonical filtration of V\. 

The P-module U;(g)w depends on the P-stable line L v defined by v € Vx which 
is canonically determined by the highest weight vector v s V\. It follows we get a 
canonical filtration 

Ui(j)« c ••• c U ; (g)v c Va 

of V\ by P-modules. 

The Lie algebra p is the sub Lie algebra of g consisting of traceless matrices M 
with coefficients in K on the following form: 

f A X" 
B, 



M = 



where A is an m x m-matrix, X is an n x m-matrix and B is an n x n-matrix such 
that tr(A) + tr(B) = 0. Let nCgbe the sub Lie algebra consisting of matrices M 
on the following form: 

'0 0^ 



M -\Y 

where Y is an m x n-matrix with coefficients in K . It follows there is a direct sum 
decomposition g = n © p of vector spaces. 

Proposition 4.4. TTie natural map 

f : U(n) ®^ U(p) -> U( ) 

defined by 

f(v <8> w) = vw 
is an isomorphism of vector spaces. 

Proof. For a proof, see [3], Proposition 2.2.9. □ 
Definition 4.5. Let Z > 1 be an integer and define 

Vi(n,p)= U 4 (n)«. K U,(p) CU(n)%U(p). 

Assume in the following n has {x±, .., ,Xe} as a basis. The line v = l d define a 
p-module 

p : p -> End(u) 

hence we get a map 

p : p -> if. 

If 2 G p is an element defined by the matrix M with 



M = 



P 



it follows p(z) — dtr(A). It follows we may choose a direct sum decomposition 
p = p v © (#) where p^ = Ker(p) and iGp has the property p(x) = d. It follows 
we may choose a basis for p on the form {yi, ..,yrj,x} where p(yi) = 0. 
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Lemma 4.6. There is for all I > 1 an equality 

/(U,(n,p)) = U,(fl). 
Proof. It is clear /(U;(n, p)) C U;(g). Assume 

w = iJ 1 -4V»? 1 -yS D eU I ( fl ) 
with J2 { Vi + q + Uj < I. It follows 

z = <-4 E ®Ar-C eU*(n,p) 
and /(z) = w. The Lemma is proved. □ 

Let l p G U(p) be the multiplicative identity element. 
Definition 4.7. Let I > 1 be an integer. Define the following: 
U;(n) <g> l p = {a;® l p : x G U ; (n)} C lh(n,p) 
W; = {a;(8)u;(y-p(y)lp) : x G Uj(n), y G p, w(y-p(y)lp) G Uj(p),*+J - C U ; (n,p). 
Proposition 4.8. The natural map 

0:Uj(ti)<8>l p eWi ->U;(n,p) 

defined by 

4>{x,y) = x + y 

is an isomorphism of vector spaces for all I > 1 . 
Proof. We first prove the following: 

U ; (n)®lpnVK ; ={0} 
for all I > 1. Assume z G Wi is a monomial with I > 1. It follows 

z = x<gu;(y-p(y)lp) 
with y G p. One of the following assertions is true: 

(4.8.1) z = x®wyi 

(4.8.2) z = x (g) w(x - dl p ) 

(4.8.3) z = 

Since x ® u;y, and x ® w(x — dip) are not in U;(n) <g) l p it follows z = and the 
claim is proved. It follows the map <j> is an injection. 

We next prove the map is a surjection for all Z > 1: By definition 

Uj(n,p)= U;_i(n)®xUi(p). 
i+j=i 

Pick a monomial 

z = x v 1 1 ---x v E *®x«y?---v» D Glh(n,p). 

If q = U\ = ■ ■ ■ = Ud = it follows z G Uj(n) (g) l p . Assume + ^ > 1 and 
1 < i < D the largest integer with uj > 1. It follows 

x? 1 • • • x^f ® x^ 1 • • • V^iVi - P(%)1 P ) G Wi- 
Assume u\ = ■ ■ ■ = ud = and g > 1. We may write 

x q =d q l p +y(x-dl p ) 
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for some y. We get 

z = x\ x ■ ■ • 4f ® x" = xl 1 ■ ■ ■ 4f $ (d q l p + y(x - dip)) = 

■ ■ ■ x v £d q ® l p + ■ ■ ■ x v E E ® y(x - dip) G Uj(n) ® lp + Wj 
and the Proposition is proved. □ 

Let 1 B S U(fl) be the multiplicative identity element. 

Definition 4.9. Let 

char(p) = {x(y - p(y)l B ) :y£p,xE U(g)} 
be the left character ideal of p. Let 

chari(p) = char(p) D Uj(fl) 
be the canonical filtration of char(p). 

It follows char(p) C U(g) is a left ideal in the associative ring U(g). By definition 
it follows there is an inclusion of ideals char(p) C ann(v). This inclusion is strict. 
The inclusion nCg induce a canonical injection U(n) C U(g) of associative rings. 
We get a canonical inclusion of filtrations U;(n) C U/(fl) for all / > 1. 

Lemma 4.10. The following holds for all I >: 

(4.10.1) /(U;(n)®lp) = U*(n) 

(4.10.2) f(Wi) =chan(p). 

Proof. We prove claim |4~10. II Assume w ® lp g U;(n) ® l p . It follows w g Uj(n). 
It follows 

/(w ® l p ) = wl g = w G U;(n) 
and claim |4~10. II follows. We prove claim |4~10.2I Assume z = x ® w(y — p(y)l p ) G 
W;. It follows x G Ui(n) y G p, and w(y - p(y)l p ) G Uj(p) with i+j = /. It follows 

/(z) = a;w(y - p(y)l e ) G char^p) 

and claim |4~1 0.21 follows . The Lemma is proved. □ 

Theorem 4.11. There is for all I > 1 an isomorphism 

Ui(fl) = Uj(tt) @chan(p) 

of vector spaces. 

Proof. The Theorem follows from Lemma 14.101 Proposition 14.81 and the fact the 
natural map / : Uj(n, p) — > U;(g) is an isomorphism of vector spaces. □ 

In the following we use the notation in [3] Chapter 7.2. Let P ++ be the set of 
dominant weights for g and let A G f)* be the weight with 

L(X + S) =H°(A, Ox(<0)*- 

Such an clement A is uniquely determined since the module L(X+5) is an irreducible 
finite dimensional g-module and there is a one to one correspondence between P++ 
and the set of irreducible finite dimensional g-modules. Let B be a basis for the 
roots R of g. It follows B = Li — Li+i with i = 1, .., m + n — 1. Let f ' G L(A + (5) be 
the unique highest weight vector and define two left ideals X",X' C U(g) as follows: 

Z" = U(g)n + +^U( fl )(^-A(/i)), 
hell 
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and 

z'=z" + ]Tu(n_pQ. 

/36S 

Here we let mp = X(Hp) + 1 and X^p be a non zero element of q~P . It follows by 
[3J Proposition 7.2.7 the ideal I' equals the left annihilator ideal ann(v) in U(g) of 
the highest weight vector v = l d . Let I[ = T' fl U;(fj). 

Lemma 4.12. For all 1 < I < d there is an equality 

chari(p) — anni(v) 

of filtrations. 

Proof. Consider the ideal I[ for 1 < I < d. By definition there is an inclusion 
chari(p) C X[. We prove the reverse inclusion. There is an isomorphism 

B°(X,0(d))* £ L(X + S) 

where L(X + S) is the irreducible g-module with highest weight A. By Lemma |4~T1 
it follows l d has weight A = d{L\ + • • • + L m ) in the notation of [4]. Consider the 
ideal I": 

l" = U( fl )n + + ^U( )(x-A(x)). 

x£t) 

It follows I" C char(p). Let fa £ B with = — Li+i, 1 < i < m + n — 1. Let 

^ Eij G / and let ^ Hp e [& ,0~ ]. One checks X(H ) + 1 = 1 if 1 < i < m-1, 
A(JJ,9) + l = d + l if i = m and A(i^j) + l = lifm+l<i<m + n-l. Let 
if = X]/3eB U(fl)X™ / 3 and let K% = K fl U;(g). Let £> be the set of integers i with 

1 G {1, .., to — 1, m + 1, .., to + n — 1}. Let fa = Li — Li+\ . It follows 

Ki= £ U '-i(3)^-ft 

and one checks if/ C chari(p) and the claim of the Lemma follows. □ 
Theorem 4.13. There is for all I < I < d an isomorphism 

Uz(fl) = U/(n) 0annj(«) 

o/ vector spaces. 

Proof. This follows from Theorem 14.111 and Lemma 14.121 □ 
Corollary 4.14. Let z\, .., zd be a basis for n where D = mn. It follows the set 

(4.14.1) {z v l '---z^{v):Q<Y J '"i<l} 
is a basis for U/(cj)w as vector space. Moreover 

(4.14.2) dim K (Vi(Q)v) = 

Proof. The natural surjection U/(fl) ® L„ — » U;(g)v of if- vector spaces induce by 
Theorem 14.131 an isomorphism U/(n) <E) L v = \Ji(g)v of vector spaces. From this 
isomorphism and the Poincare-Birkhoff-Witt Theorem claim |4~14.1I follows. Since 
dzmx(Uj(n)) = ( D p) claim |4"~14.2I follows and the Corollary is proved. □ 

It follows we have constructed a basis for XJi(q)v for all I > 1 and calculated 
dimK(Vi(g)v) as a function of I. 
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5. On jet bundles and canonical filtrations 

In this section we study the fiber of the jet bundle as P-module. We prove the 
fiber of the I'th jet bundle equals the Z'th term in the canonical filtration. 

Notation: Let in the following section W C V be i-T-vector spaces of dimension 
m and m + n and let P C SL(K) be the parabolic subgroup fixing W . It follows 
X' = SL(V)/P = G(m, m + n) is the grassmannian of m-planes in V. Let Ox(d) 
be the line bundle coming from the P Kicker embedding of X. 

Recall the exact sequence of P- modules from Corollary 13. 131 

(5.0.3) ^ R°(X,m l+1 O x (d)) ^ H°(X,O x (d)) ^ P l x (O x (d))(x) ^ 

when 1 < I < d. Dualize sequence 15.0.31 to get the exact sequence 

(5.0.4) 0^V x (O x {d))(x)* -^R°(X,O x (d))* ^•R°(X,m l+1 O x (d))* -> 0. 

There is by definition an isomorphism 

H° (X , O x (d))* = V\ 

where A = d(Li + ■ ■ ■ + L m ). The highest weight vector v G V\ is given by v = I 
where l d = Sym d (A m W A ). We get an inclusion 

\Ji(d)vCV x =H°(X, O x (d))* 

of P-modules. 

Theorem 5.1. There is for 1 < I < d an isomorphism 

V x (O x (d))(x)* SU,(g)« 

of P-modules. 

Proof. Consider the exact sequence 15.0.41 of P-modules 

0^r x (O x (d))(x)* ^R°(X,O x (d)y K°(X,m l+1 O x (d)y ->0. 

There is an inclusion of P-modules 

\Ji(g)vCR°(X,O x (d)r 

where v is the highest weight vector. Consider an element x\ ■ ■ ■ x\v G Vi(q)v with 
i < I and Xi eg. It follows 

ip(xi ■ ■ ■ Xiv)(s) =Xf- Xis(e) 

for s G H (X, m l+1 O x (d)). The section s has a zero of order > I + 1 at e. Since 
x\ ■ ■ ■ Xi acts as a differential operator of order i it follows 

Xf-XiSG B°(X, m l+1 - z O x (d)) 

hence x\ ■ • ■ XiS has a zero of order I + 1 — i at e. It follows ^{x\ ■ ■ ■ Xiv) = since 
i < I. We get ip(Vi(Q)v) = and U;(fl)w C ker(ip) = V x (O x {d)){x)* since the 
sequence above is an exact sequence of P-modules. We get an inclusion 

Ui(9)vCV l x (0(d))(xy 

of P-modules when 1 < I < d. By Corollary 14. 141 it follows 

dimKiV^v) = ( mn + l ) = dim K {T l x {O x {d)){xy 
\ ran J 

hence the Theorem is proved. □ 
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Note: In [2 , Section 5 the authors claim they prove a similar result using different 
techniques. The aim of the introduction of the techniques in this paper is to use 
them to get more precise information on \Ji(g)v as P- module. There is work in 
progress (see [14]) on giving a more detailed description of the P-module \Ji(g)v 
and to apply this to the study of resolutions of discriminants of linear systems on 
grassmannians . 

Let d = (di,..,d k ) with d t > 1. Let £(d) = O x (di) © ••• © O x (d k ) with 
X = G(m, m + n). Let H (X, Ox{di))* = V\ 4 = V% with highest weight vector t?j. 
Let W = {vi, .., Vk} C H (X, £(d))* be the subspace spanned by the vectors v, L . 

Corollary 5.2. There is for 1 < I < min{di} an isomorphism 

V l x (£(d))(x)* £* U,(fl)W = ®ti U ; (flM 

of P -modules. 

Proof. We get from Theorem 15. li the following: 

v l x {£{d)){ x y s ©i^^x^))^)* s ©tiU/( fl )^ - LMs)^ 

and the Corollary follows. □ 
6. Discriminants of linear systems on the grassmannian 

In this section we use the results obatined in the previous sections to prove the 
Tth discriminant of any linear system on any grassmannian is irreducible. 

Notation: Let in the following section X = G(m, m + n) be the grassmannian 
of m-planes in an m + ri-dimensional vector space and let O x (l) be the line bundle 
coming from the Plucker embedding. Let O x {d) = O x (\)® d . 

Let 1 < I < d and consider the exact sequence 13.12.11 of locally free sheaves 

o ->• Qi,d -> u°(x,o x (d)) ®o x ^ r l x (o x (d)) -». o 

where 

It follows from [10] . Theorem 2.5 we get a commutative diagram 

F (Qi, d ) — P(w*) x x — > x 



D l (O x (d)) — *- ¥(W*) ^ Spec(i^) 

where W = R°(X,O x (d)). Here i, j are closed immersions of schemes and ir is 
the restriction of q. It followd D l (O x {d)) is the scheme theoretic direct image of 

HQ-id)- 

Theorem 6.1. The discriminant D l (O x (d)) is irreducible when 1 < I < d. 

Proof. Since Q* d is locally free it follows from [10], Corollary 2.6 D l (O x (d)) is 
irreducible. □ 

In a series of papers (see [5], [TU], [H], [12], [T3] and [TS]) the structure of the 
jet bundle V x (O x (d)) as left and right Ox-module and left and right P-module 
has been studied using various techniques: Explicit techniques, group theoretic 
techniques and Lie theoretic techniques. This study is part of a project where the 
aim is to study discriminants of linear systems on flag varieties (see [10] and [TT]). 
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The jet bundle V l G/P (C) where £ e Pic G (G/P) and G = SL(V),P C G a 
parabolic subgroup, may by [10] be used to define the /'th discriminant D l (C) of 
the line bundle C. The discriminant D l (C) is a closed subscheme 

£>'(£) C ¥(W*) 

where = H°(G/P, £). On G/P there is an exact sequence 

-> Qi -> H°(G/P,£) O g/p -> -> 

of locally free finite rank sheaves. We get a commutative diagram of maps of 
schemes 

P(fi*) >-W(W*) x G/P 



D'(£) — ^F(W*) 

where i is a closed immersion and tt is the restriction of the projection morphism 
p. The sheaf Qi is a locally free Oq /p-module of finite rank and the map tt is a 
surjective generically finite morphism between irreducible schemes. The aim of the 
study of V l G / P (£) is to use its properties to study the map it and D l (C). We want 

information on the syzygies of D z (£), the singularity type of -D ; (£), its degree and 
its dimension. 

Acknowledgements. The author thanks Michel Brion, Alexei Roudakov and 
Claire Voisin for interesting discussions on subjects related to the problems dis- 
cussed in this paper. 
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